We theoretically study photon transmission and mechanical ground state cooling in a twodimensional optomechanical system that is formed by suspending a graphene sheet on an onedimensional optomechanical crystal. When the frequencies of graphene resonator and nanobeam resonator(phononic mode of optomechanical crystal) are approximately the same, the Λ-type degenerate four-level system of two-dimensional optomechanics shows two-color optomechanically-induced transparency , and the transparency window could be switched among probe signal's absorption, transparency, and amplification. According to our calculations, the graphene resonator could also effectively assist the ground state cooling of large damping nanobeam resonator in the proposed two-dimensional optomechanics.
I. INTRODUCTION
Cavity optomechanics supports a platform to explore nonlinear and nonclassical effects [1] [2] [3] [4] [5] . Significant progresses have been made on the strong optomechanical coupling and mechanical ground state cooling in optomechancis [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] . The photonic nonlinear and nonclassical effects induced by optomechanical interaction have been widely studied, such as the OMIT (optomechanically-induced transparency) [16] [17] [18] [19] [20] [21] , photon blockade [22] [23] [24] [25] [26] [27] [28] [29] , nonclassical mechanical motions [14, 15, [30] [31] [32] [33] , optical nonreciprocity [34] [35] [36] [37] , and so on. The hybrid system formed by optomechanics coupling to TLS (two-level system) or mechanical resonator also attracts a lot of interest recently [38] [39] [40] [41] [42] [43] .
Cavity optomechanics has been realized in different systems, such as Whispering-gallery cavity, photonic crystal cavity, microwave circuit, dielectric membrane placed between two high-finesse mirrors, and so on [1, 2, 44] . Graphene sheet has been used to build optomechanics with microwave resonator through radiation pressure interaction [45] [46] [47] [48] . Moreover, the interaction between photonic crystal cavity and graphene sheet are more interesting, because the photonic cavity might be able to detect mechanical motions and nonlinear mechanical properties of graphene sheet with extra high precision [49] . In addition recent experiments have shown that the graphene sheet could be used to tune the optical, electrical, and heat transport of photonic crystal cavity [50] [51] [52] [53] [54] [55] . * mpezgy@nus.edu.sg However, single layer graphene is almost transparent for visible and infrared lasers [56, 57] , so it is difficult to build optomechanics with single layer graphene sheet through radiation pressure type interaction. As verified by the perturbation calculations and recent experiments [50, 51, 58] , the graphene sheet leads to resonant frequency shift and an additional damping for photonic cavity mode through optical gradient or absorption force. Thus, the optical gradient or absorption force could be used to build 2D (two-dimensional) optomechanical system consisting of the graphene sheet and 1D (one-dimensional) optomechanical crystal; as for radiation pressure type optomechanical interaction, the multilayer graphene sheets might be a choice.
With a suspended single-layer graphene sheet above an 1D optomechanical crystal, we study photon transmission and mechanical ground state cooling in 2D optomechanics (see Fig.1 ). The optomechanical type interactions exist not only between photonic and mechanical modes of nanobeam, but also between the photonic cavity field and graphene resonator. Compared with other type multi-mode optomechanics, the steady position of graphene resonator could be easily tuned via a control voltage between graphene sheet and silicon substrate [59, 60] ; thus, the damping rate of photonic cavity and graphene-cavity optomechanical interaction strength could be controlled. Here we mainly focus on the effects of a graphene sheet on photon transmission and ground state cooling of the nanobeam resonator in proposed 2D optomechanical system. The paper is organized as follows: In Section II, we introduce the proposed 2D optomechanics model. In Section III, we analyze the effects of a graphene res- onator on photon transmission. In Section IV, we study the graphene resonator assisted ground state cooling of nanobeam resonator. In Section V, we conclude this work.
II. TWO-DIMENSIONAL OPTOMECHANICS MODEL
We study a 2D optomechanical system as shown in Fig. 1 , the photonic and phononic modes of nanobeam in an 1D optomechanical crystal interact with each other in a plane parallel to silicon substrate; the single-layer graphene sheet interacts with photonic mode of 1D optomechanical crystal in the direction perpendicular to silicon substrate. Thus, the Hamiltonian of free 2D optomechanical system:
Hereâ (â † ),b (b † ), andĉ (ĉ † ) are annihilation (creation) operators of photon, nanobeam phonon, and graphene phonon, respectively. ω a is the resonant frequency of photonic cavity, and ω b (ω c ) corresponds to vibration frequency of nanobeam (graphene) resonator. And, g and λ describe the optomechanical interaction strengths of the photonic mode with the nanobeam and graphene resonators, respectively. The graphene-cavity optomechanical coupling strength and cavity damping rate could be changed by adjusting graphene sheet's steady position which could be easily adjusted by a control voltage between graphene and silicon substrate [59, 60] .
In a rotating frame defined by an unitary transformation
The direct photon-phonon interactions disappear in H ef f and are replaced by a Kerr nonlinearity term with the coefficient χ t = χ b +χ c , where efficients induced by nanobeam and graphene resonators, respectively. The energy level structure of 2D optomechanical system could be obtained from H ef f as
Here n a is the cavity photon number, while n b and n c are phonon numbers on nanobeam and graphene resonators, respectively. Compared with the energy level structure of the standard optomechanics [4, 22, 61] , the energy levels in 2D optomechanics have an additional mechanical freedom. For degenerate mechanical modes ω b = ω c , the degree of energy level degeneracy could be calculated from Eq. (2) as n b +n c +1. The low excitation state energy levels are shown in Fig. 2 , the degree of degeneracy for zero phonon state is 1, and it is 2 (or 3) for single (or double) phonon excited states, respectively. From the expression of H ef f , the eigenstates of 2D optomechanical system can be obtained as |n añbñc = U 1 |n a n b n c , where |n i (i = a, b, c) are the Fock states of photon and phonons, respectively, while |ñ b (n a ) and |ñ c (n a ) are the phonon displaced Fock states in the case of photon number n a .
III. TUNABLE PHOTON TRANSMISSION

A. Controllable Photons blockade
The photon blockade in optomechanical system has been widely studied [22] [23] [24] [25] [26] [27] . If the photonic cavity is driven by a weak laser field with frequency ω d and amplitude Ω, that is
. Thus, the Hamiltonian in a rotating frame at driving frequency ω d , defined by an unitary transformation U 2 = exp (−iω dâ †â t), becomes
here ∆ = ω d − ω a is the frequencies detuning of the driving laser and photonic mode. Define κ a , κ b , and κ c as the damping rates of photonic cavity, nanobeam resonator, and graphene resonator, respectively. The photon blockade requires a weak driving field (|Ω| ≪ κ a ) and it is usually described by the second-order correlation function which could be defined with density operator as g (2) (0) = Tr(ρâ †2â2 )/Tr(ρâ †â ) 2 . The master equation of density operator:
The Lindblad terms in Eq. (4) are:
, with o = a, b, c corresponding to optical and mechanical variables, respectively. Under weak pumping, the density matrix ρ can be numerically calculated by truncating to limited photon and phonon numbers in Eq. (4) [28, [62] [63] [64] . The thermal photon and phonon numbers are defined as n
, with T and k B are environmental temperature and Boltzmann constants, respectively. Because of the extra high frequency, in this article the thermal photon numbers can be set as zero, that is n T a = 0. The numerical calculation results of the photon secondorder correlation function in degenerate 2D optomechanical system are shown in Fig. 3 . The blue-solid curve describes photon blockade of standard optomechanics, which is equivalent to a large gap between graphene and photonic crystal cavity so that their interaction can be neglected. The peaks and dips in blue-solid curve can be explained analytically as follows. In weak pumping limits
There is no direct interaction between photon and phonons in H wl , if we neglect the excitations of phonons [23, 24, 29, 65] ; thus, the low excited states wave-function of 2D optomechanics can be assumed as |ψ = (A 000 |0 +A 100 |1 +A 200 |2 )⊗|0 b ⊗|0 c , then the second-order correlation function could be obtained as:
Equation (5) could be used to explain single-photon blockade dip and two-photon resonant peak in Fig. 3 . The dip at ∆ = −χ b in blue-solid curve satisfies g (2) (0) < 1 and describes single photon blockade of standard optomechanics(ǫ = 0), and the peak at ∆ = −2χ b satisfies g (2) (0) > 1 and corresponds to two-photon resonant transition. The small peak at ∆ = −3χ b corresponds to photon resonant transitions between states |1,ñ b ,ñ c and |2,ñ b ,ñ c [23] . The green-dashed and red-dotted curves in Fig. 3 describe photon blockade in 2D optomechanics (λ = 0), which is equivalent to a limited gap between the graphene sheet and photonic crystal cavity. In the case of λ = g and ω g = ω b , the photon nonlinearity coefficient in greendashed curve is doubled compared with standard optomechanics (blue-solid curve), that is χ t = 2χ b . So the position of single photon blockade dip (two-photon resonant peak) shifts to ∆ = −2χ
The coupling strength λ = 1.1g in the red-dotted curve, the positions of photon blockade dip or multiphoton resonant transition peaks in x-axis deviate from those of green-dashed curve (λ = g). From above discussions, it is shown that the graphene resonator can be used to tune photon nonlinearity, photon blockade, and photon tunneling in 2D optomechanical system.
B. Optomechanically induced transparency
The OMIT in optomechanical system has been theoretically and experimentally studied [16, 17, 20, 21] . The mechanical mode, TLS, and condensed states coupling to optical or mechanical mode of optomechanical system can affect photon transmission and OMIT in optomechanical system [21, [38] [39] [40] [41] [42] . If the frequencies of nanobeam and graphene resonators are approximately the same (ω b ≈ ω c ), the ground state and single excited states in 2D optomechanical system form a degenerate four-level structure as shown in Fig. 4 . Thus, some additional photon transition channels |1 a0b0c ↔ |0 a 0 b 1 c are created by graphene resonator, this should affect photon transition of 1D optomechanical crystal. The energy level structure in Fig.4 is similar to that of a hybrid TLS-optomechanics system, where the TLS splits phonon energy levels and leads to double-transparency windows [40] .
If the photonic crystal cavity is driven by a strong pumping and a weak probe fields, that is
where Ω (or ω d ) and ε (or ω p ) are the amplitudes (or frequencies) of the driving and probe fields, respectively. In a rotating frame at the driving field frequency ω d , with the mean field approximation, the steady value equations for photonic and mechanical modes are obtained as
where ∆ p = ω p − ω d is the frequency detuning between probe and driving fields. When the amplitude of pumping field is much larger than that of the probe field (|Ω| ≫ |ε|), up to the first order small quantity of ε, the solutions of Eqs. (6) can be approximately ex- 
(Color online) Photon transmission in twodimensional optomechanics. Probe field's (a) absorption and 
, respectively. The first-order small quantity A − describes probe field's absorption and dispersion in 2D optomechanical system, and it could be calculated from Eqs. (6) as
. (7) with
, and Q = κ a /2 − i∆ + 2igRe(B 0 ) + 2iλRe(C 0 ). With the input-output relation, the output optical field can be written as ε out = (2κ a A 0 −Ω)+(2κ a A − −ε) exp (−i∆ p t)+ 2κ a A + exp (i∆ p t) [17, 68] . Define the quadratures of field as ε T = µ p + iν p , here µ p = κ a (A * − + A − )/ε describes probe field's absorption in 2D optomechanical system, while the imaginary part ν p = κ a (A * − − A − )/ε corresponds to dispersion [17] .
The effects of mechanical resonators' detuning δ = ω b − ω c on transparency window are shown in Figs. 5(a) and 5(b). There is no graphene-cavity interaction in bluesolid curve which describes the OMIT of standard op-tomechanics. When the frequencies of two mechanical resonators are the same(δ = 0), the local minimal value within the transparency window moves down to negative regime in red-dotted curve , which means that a probe signal propagating in the photonic crystal cavity is amplified. This phenomenon originates from the additional photon transition channels |1 a0b0c ↔ |0 a 0 b 1 c that are induced by graphene resonator(see Fig. 4 ), which enhances the destructive coherent transitions of photons. For a small mechanical detuning δ = 0.01ω b (−0.01ω b ), two transparency windows appear in the green-dashed (black-dashed-dotted) curve, the transparency window at ∆ p = ω b is the same as that of standard optomechanics (blue-solid curve) and a new narrow transparency window appears at ∆ p = ω b −δ. This is similar to the doublecolor transparency window in the TLS-optomechanics coupled systems [40] .
For the same mechanical frequencies (ω b = ω c ), the effects of graphene-cavity optomechanical coupling strength λ on transparency window are shown in Figs. 5(c) and 5(d) . If the motions of the nanobeam and graphene resonators are inphase (λ = g), the probe signal is amplified in the green-dashed curve. If motions are out of phase λ = −g, the black-dashed-dotted curve shows that a absorption peak appears within the transparency window of standard optomechanics (bluesolid curve). When the graphene and nanobeam resonators have the same frequencies, damping rates, and optomechanical coupling strengths, but oppositive motion phases (λ = −g), the transparency window vanishes in red-dot curve in Fig. 5(c) . The destructive coherent transitions induced by two mechanical resonators offset with each other. Through above discussions, it is shown that the graphene resonator can control photon transmission in one-dimensional optomechanics crystal.
IV. GRAPHENE ASSISTED GROUND STATE COOLING A. Mechanical Spectrum of nanobeam resonator
In the vacuum weak coupling regime g, λ ≪ κ a , the photon operator can be split intoâ = α +d, with an average coherent amplitude α and a small fluctuation termd [6, 66] . From Eq. (3), we can obtain the linearized Heisenberg equations ford,b, andĉ as follows:
with G = gα and K = λα. Under strong pumping field, the classical and nonlinear terms −igd(b † +b), −iλd(ĉ † +ĉ), and −igd †d have been neglected. Thus, the linearized Hamiltonian of 2D optomechanics could be written as
. Hereô in (t)(o = a, b, c) are input noise operators of optical and mechanical modes, respectively; their environmental average values are ô in (t) = 0, and the nonzero noise input correlation functions are ô in (t
. With the Fourier transformation, the motion equations in frequency domain are as follows:
Eliminating the variablesd
), thenb(ω) can be expressed with input noise operators a in (ω),b in (ω), andc in (ω) [67] . The mechanical spectrum of nanobeam resonator:
where The blue-solid curve in Fig. 6 (a) describes mechanical spectrum of standard optomechanics(λ/(2π) = 0 Hz), which has been widely studied in both theories and experiments [1, 4, 6] . If ǫ = 0, under blue-detuning driving laser (∆ = ω b ), the narrow peaks appear at ω = −ω b in green-dashed and red-dotted curves representing the local amplification for mechanical spectrum. The FWHM (Full width at half maximum width) of narrow peak is close to κ c (κ c ≪ κ b ), which indicates that the narrow peak (or dip) originates from the graphene resonator. For the red-detuning driving laser (∆ = −ω b ) in Fig. 6(b) , a narrow dip appears at ω = ω b in green-dashed and red-dotted curves, which corresponds to local suppression for mechanical spectrum. The dip in red-dotted curve is deeper than that of green-dashed curve, which means that a larger suppression for mechanical spectrum of nanobeam resonator could be realized with a larger graphene-cavity interaction strength. The numerical calculations show that the amplification factor Σ c (ω) is responsible for the narrow peak or dip in the mechanical spectrum of the graphene resonator. For a weak graphene-cavity coupling strength, Σ c (ω) ≈ 1, the narrow peak or dip will disappear.
The effects of mechanical detuning δ = ω b − ω c on mechanical spectrum of nanobeam resonator are shown in Fig. 6 (c) (blue-detuning) and 6(d) (red-detuning). For nonzero mechanical detuning (δ = 0), under blue detuning driving laser, the x-axis positions of narrow peaks in Fig. 6(c) shift to ω = ω b + δ. For red detuning driving laser in Fig. 6(d) , the narrow dips shift to ω = ω b − δ. Thus, we can control the positions of amplification peaks and suppression dips in mechanical spectrum of nanobeam resonator by tuning the frequency of the graphene resonator.
B. Dynamical backaction
The optomechanical interaction changes mechanical resonator's frequencies and damping rates [1] [2] [3] [4] 6] , which can be used for mechanical self-oscillation, phonon laser, mechanical ground state cooling, and so on [14, 15, 54, [69] [70] [71] [72] [73] . In this section we discuss the shifts of nanobeam resonator's frequency and damping rate in 2D optomechanical system.
If the frequencies of graphene and nanobeam resonators are approximately the same (ω b ≈ ω c ), we can obtain from Eqs. (11) 
The effective optomechanical self-energy in 2D optomechanics can be defined as Σ e (ω) = [ǫ 2 η(ω)+1]Σ(ω). In weak coupling limit κ b , κ c , Γ opt ≈ |α| 2 /κ a ≪ κ a , the frequency shift and extra damping rate of nanobeam resonator can be defined as δω Figs. 7(a)  and 7(b) , respectively. The blue-solid curves in Figs. 7(a) and 7(b) correspond to effective frequency and damping rate of standard optomechanics (ǫ = 0). With the increase of graphene-cavity optomechanical coupling strength, the changes of effective frequency and damping rate become larger in green-dashed and red-dotted curves, which means that graphene resonator can assist mechanical amplification and ground state cooling in 2D optomechanical system.
According to recent experiments, the coupled mechanical system shows coherent mixing of mechanical modes in the bad-cavity limit [74, 75] . The changes of effective b,c . If λ ≪ g, the changes of two resonators' effective frequencies (Fig. 8(a) ) and damping rates (Fig. 8(b) ) keep in step with each other. For a large graphene-cavity coupling strength, λ ≥ g, the shifts of effective frequencies ( Fig. 8(c) ) and damping rates ( Fig. 8(d) ) in bluesolid and red-dashed curves are the opposite of paces. The damping rates of nanobeam and graphene resonators always have oppositive signs in Fig. 8(c) , the curves show that if one mechanical resonator is amplified, the other one should be simultaneously cooled, moreover similar results can also be obtained in resolved-sideband regime. The blue-solid and red-dashed curves in Figs. 8(c) and 8(d) cross with each other, which means that coherent mixing of two mechanical resonators can be realized in 2D optomechanical system with optical field serving as an intermediacy.
C.
Ground state cooling of nanobeam resonator
As shown in Fig. 7 , the graphene resonator could enhance damping rate of the nanobeam resonator, which should make positive contributions to the ground state cooling of the nanobeam resonator. However, such a graphene resonator also introduces a noise term σ nanobeam resonator can be obtained as [6, 66] 
The variation of phonon number on nanobeam resonator as a function of graphene-cavity coupling strength is shown in Fig. 9 , the value n m (ǫ = 0) corresponds to phonon number of standard optomechanics. Figure 9(a) shows the effects of different cavity damping rates on the ground state cooling of nanobeam resonator. In blue-solid (or green-dashed) curve of Fig. 9(a) , the phonon number of 1D optomechanical crystal is larger than 1 for the case of no graphene-cavity interaction (n m (ǫ = 0) > 1); however, the phonon number is quickly suppressed and reaches to its ground state (n m < 1) as the increase of graphene-cavity coupling strength. For larger cavity damping rate, the suppression ability of the graphene sheet on nanobeam resonator's phonon number becomes weaker in green-dashed and red-dotted curves (compared with blue-solid curve).
The ground state cooling of nanobeam resonators of different damping rates in 2D optomechanical system are shown in Fig. 9(b) . Compared with small damping rates of blue-solid and green-dashed curves, the phonon number on nanobeam resonator with larger damping rate can be more effectively suppressed by the graphene resonator in red-dotted curve. The effects of graphene resonator's damping rate and optomechanical coupling strength in 1D optomechanical crystal on the ground state cooling of nanobeam resonator are shown in Figs. 9(c) and 9(d), respectively. From above results, it is clear that the graphene resonator can enhance ground state cooling of nanobeam resonator in some parameter regimes, especially for the high damping nanobeam resonator.
V. DISCUSSION AND CONCLUSION
We proposed a new type of multi-mode optomechanics formed by a suspended graphene resonator coupled to the photonic mode of an 1D optomechanical crystal. This kind of 2D optomechanical system could be experimentally realized by transferring graphene sheets above a released 1D photonic crystal cavity on silicon substrate, and the gap between graphene sheet and photonic cavity is the main difficulty for experimental success. By tuning the control voltage between graphene and silicon substrate, the steady-state position of the graphene sheet can be easily adjusted by a control voltage, and this can affect the damping rate of photonic cavity and graphenecavity optomechanical interaction strength.
We have theoretically studied photon transmission and mechanical ground state cooling in the proposed 2D optomechanical system. Additional transitions channels induced by the graphene resonator could enhance or weaken the destructive coherent transitions of photons, and the tranmission of probe signal in 2D optomechanics can be switched among absorption, transparency, and amplification by tuning graphene sheet's vibration frequency and graphene-cavity optomechanical interaction strength.
The graphene resonator could induce narrow amplification peak and suppression dip in the noise spectrum of nanobeam resonator, and affects effective damping rate of the nanobeam resonator. According to our numerical calculations, the graphene resonator can assist the ground state cooling of nanobeam resonator in certain parameter regime.
Additionally, the graphene sheet has some special properties, such as nonlinear mechanical motion and nonlinear mechanical damping, which could be interesting research topics in the future. 
